We study the mass spectrum and decay constants of light and heavy mesons in a soft-wall holographic approach, using the correspondence of string theory in Anti-de Sitter space and conformal field theory in physical space-time.
I. INTRODUCTION
In a series of papers [1] - [8] Brodsky and de Téramond developed a semiclassical approximation to QCD -lightfront holography (LFH)-, an approach based on the correspondence of string theory in Anti-de Sitter (AdS) space and conformal field theory (CFT) in physical space-time [9, 10] . Light-front holography [1] - [8] is one of the exciting features of the AdS/CFT correspondence. The LFH approach is a covariant and analytic model for hadron structure with confinement at large and conformal behavior at short distances. It is analogous to the Schrödinger theory for atomic physics. It provides a precise mapping of the string modes Φ(z) in the AdS fifth dimension z to the hadron light-front wave functions (LFWF) in physical space-time, in terms of the light-front impact variable ξ, which measures the separation of the quark and gluonic constituents inside a hadron. Therefore, different values of the holographic variable z correspond to different scales at which the hadron is examined. The mapping was obtained by matching certain matrix elements (e.g. electromagnetic pion form factor, the energy-momentum tensor) in the two approaches -string theory in AdS and light-front theory in Minkowski space-time.
In order to break conformal invariance and incorporate confinement in the infrared (IR) region, two alternative AdS/QCD backgrounds have been suggested in the literature: the "hard-wall" approach [11] - [19] , based on introducing an IR brane cutoff in the fifth dimension, and the "soft-wall" approach [2] , [20] - [37] , based on using a soft cutoff by introducing a background dilaton field in the AdS space or using a warp factor in the metric.
Both approaches have certain advantages. One of the problems of the "hard-wall" scenario is a linear dependence of hadron masses with M ∝ L for higher values of the orbital momentum L instead of the quadratic behavior M 2 ∝ L (known as Regge trajectory). In fact, the "soft-model" was initiated in order to solve the problem of the hadronic mass spectrum. In Refs. [2] and [20] - [37] the "soft-model" has been applied to different aspects of hadron properties, including the hadron and glueball mass spectrum, the heavy quark potential, form factors, deep inelastic scattering, etc. Notice that in the LFH approach [1] - [8] both scenarios for AdS/QCD backgrounds ("hard-wall" and "soft-wall") are used in order to map the string modes to the LFWF restricting to the case of massless quarks. A generalization of the LFWF for massive quarks has been suggested by Brodsky and de Téramond, including quark masses explicitly in the LF kinetic energy
)/x i (see details in Ref. [3] ). The LFH approach has been successfully applied to the description of the mass spectrum of meson and baryons (reproducing the Regge trajectories), the pion leptonic constant, the electromagnetic form factors of pion and nucleons, etc. [1] - [8] . In Refs. [28, 29] an alternative softwall holographic model has been developed, which provides an extension to hadrons with an arbitrary number of constituents. In Ref. [31] meson wave functions derived in these two approaches were discussed in the case of massive quarks.
Notice that the LFH approach developed in Ref. [1] - [8] uses the so-called "negative" dilaton field profile (e −φ(z) with φ(z) = −κ 2 z 2 ), which was necessary to produce a massless pion and the behavior of the gravitational potential. In this paper we use the soft-wall approach with a "positive" dilaton field profile φ(z) = κ 2 z 2 , as suggested originally in Ref. [20] . In the context of the original soft-wall model [20] - [37] , the positive sign in the dilaton profile is important to reproduce the correct behavior of Regge trajectories for higher spin states. In fact, as stressed in a recent paper [37] , the two different signs of the dilaton field profile are related to two different ways of introducing higher spin fields. On the other hand, as was shown in Refs. [17, 20, 26, 30] , the pion appears massless in soft-wall models with a "positive" dilaton. Moreover, one of the outstanding features of the LFH approach [1] - [8] is the LF mapping -matching of QCD LF dynamics with the corresponding string dynamics in AdS space. This was, for example, done in the case of the pion electromagnetic form factor (see details in [2] ). In particular, in the calculation of the pion form factor at large values of the Euclidean momentum squared it was shown that the dilaton should have a positive sign.
In this manuscript we show that the use of the positive dilaton in the LFH approach [1]- [8] is possible if we modify the mass term of the AdS d+1 action. The proposed approach is applied to the study of the mass spectrum and decay properties of light and heavy mesons. In the case of the mass spectrum we include color Coulomb and hyperfinesplitting corrections. The paper is structured as follows. First, in Sec. II, we briefly discuss the basic notions of the approach. In Sec. III, we consider the mass spectrum and decay properties of light and heavy mesons. Finally, in Sec. IV, we summarize our results.
II. BASIC APPROACH

A. AdS action and Schrödinger equation of motion for mesons
Our starting point is the action in AdS d+1 spacetime for a spin-J field Φ J = Φ M1···MJ (x, z) -a symmetric, traceless tensor used in the LFH approach [1] - [8] , where we perform two modifications: 1) we use a positive dilaton profile φ(z) = κ 2 z 2 ; 2) we include a nontrivial z-dependence of the mass term coefficient µ
are the generalized Laguerre polynomial.
- [8] we fix the value g J R 2 = 4(J − 1) in order to get a massless pion. Therefore, in the case d = 4 we get a J = L and b J = J, and the solutions of the Schrödinger-type equation read as:
and
Here we do not divide the total angular momentum J into the quantum numbers of the quark-antiquark pairorbital angular momentum L and internal spin S. Such a model ansatz was done in Refs. [1] - [8] . Because of J = L or J = L ± 1 the present soft-wall model generates linear Regge trajectories in both quantum numbers n and J (or L): M 2 nJ ∼ n + J. Note that the string modes dual to the pseudoscalar J P C = 0 −+ and scalar J P C = 0 ++ mesons, and correspondingly the vector J P C = 1 −− and axial J P C = 1 ++ mesons, are different from each other (mass spectrum and wave functions) via the mass parameter of the string mode (µ J R) 2 , depending explicitly on the orbital momentum L. Inclusion of chiral symmetry breaking effects in the AdS action and their impact on the hadron properties will be analyzed in the future.
B. AdS and light-front QCD correspondence
The string mode Φ nJ (z) can be directly mapped to the LFWF due to the correspondence of AdS and light-front amplitudes. In particular, considering the case of two partons q 1 andq 2 the holographic coordinate z is related to the impact variable ζ in the LF formalism as
where b ⊥ is the transverse coordinate and Fourier conjugate to the transverse momentum k ⊥ . In the massless case we obtain a relation between the AdS modes and the meson LFWF ψ q1q2 (x, ζ) [31] :
where P q1q2 is the the probability of finding the valence Fock state |q 1q2 in the meson M :
In the following we restrict to the case of P q1q2 = 1 and only for the pion we consider P q1q2 < 1 (see discussion in Ref. [31] ). Here f (x) is the longitudinal mode which is normalized as 
The meson LFWF (16) does not consider massive quarks. The inclusion of finite quark masses has been considered by us previously in [31] . In particular, the quark masses in the meson LFWF have been included following a prescription suggested by Brodsky and de Téramond [3] . Here we illustrate this procedure for the ground state LFWFs. First one should take the Fourier transform of (16)
In a second step the quark masses are introduced by extending the kinetic energy of massless quarks with
to the case of massive quarks:
Note that the change proposed in (18) is equivalent to the following change of the kinetic term in the Schrödinger EOM:
Finally we obtain
As was suggested in [5] , the quark mass term in the exponential of Eq. (20) can be absorbed in the longitudinal mode for massive quarks
where N is the normalization constant fixed from
Hence, the meson LFWFs with massive quarks can be written down as a product of transverse Φ(ζ), longitudinal f (x, m 1 , m 2 ) and angular e imφ modes [5] :
where m = 0, ±1, ±2, · · · , ±L is the magnetic quantum number. One should stress that the way in which massive quarks are introduced is not unique. In particular, the dimensional parameter entering in the longitudinal mode f (x, m 1 , m 2 ) should not necessarily be identified with the parameter κ characterizing the dilaton field. Later, in the analysis of the mass spectrum and the decay constants of heavy-light mesons, we will show that the dilaton parameter κ should scale as O (1) 
containing quark masses and an additional scale parameter λ 12 .
The meson mass spectrum in the case of massive quarks is given by [5] :
This means that for massive quarks the hadron masses are shifted due to the last term in the r.h.s. of Eq. (25) . One should stress that the potential in Eq. (25) is not complete. It includes confinement forces but does not include in its full context effects of chiral symmetry breaking, which are important for consistency with the infrared structure of QCD (see e.g. the discussion in Refs. [7, 8, 17, 20, 26, 27, 30, 38] ). Moreover, it does not contain the one-gluon exchange term, which is sufficient for the description of bottomia hadrons, and also hyperfine-splitting terms. As we stressed before, we intend to include chiral symmetry breaking in the formalism in a forthcoming work.
C. One-gluon exchange and hyperfine-splitting contributions to the effective meson potential
We will include the one-gluon exchange and hyperfine-splitting terms phenomenologically by extending the effective potential U → U + U C + U HF , where U C and U HF are the contributions of the color Coulomb and hyperfine (HF) splitting potentials.
Note that, as it was stressed in [39, 40] , the trajectories of bottomia states deviate from linearity. The reason is that, due to the one-gluon exchange term, there is an additional Coulomb-like interaction between quarks V (r) = −4α s /3r, where α s is the strong coupling constant. Its contribution to the mass spectrum M 2 is negative and proportional to the quark mass squared [39, 40] . Therefore, for light mesons and charmonia states this term can be neglected, while this is not the case for the bottomia states. Extending the result of Refs. [39, 40] to the general case of a meson containing constituent quarks with masses m 1 and m 2 , we get the following expression for the shift of M 2 due to the color Coulomb potential:
where α s is the QCD coupling, considered as a free parameter. The Coulomb potential, which should be included in the effective meson potential U (ζ), reads
where the coupling constant σ is fixed as
For the hyperfine-splitting potential U HF (ζ) one can use an effective operator containing a free parameter v (softening the original δ-functional form of the HF-potential) having dimension M 3 [see details in Refs. [41, 42] ]:
where σ 1 and σ 2 are the spin operators of the quarks; µ 12 = 2m 1 m 2 /(m 1 + m 2 ). Projecting the operator σ 1 σ 2 between meson states with S = 0, 1 gives
Therefore, the mass shift due to the hyperfine-splitting potential is
Finally, the master formula for meson masses including confinement, color Coulomb and hyperfine-splitting effects reads:
There are two comments that should be made with respect to further modifications of the potential U . First, as suggested in Ref. [35] the dilaton scale parameter can be different for distinct types of mesons -light and heavy ones.
In particular, we observe that the use of a larger value of κ for heavy mesons helps to improve the description of the mass spectrum and the leptonic decay constants. Second, in Ref. [36] it was suggested to add a constant term c 2 to the effective potential which is independent on the parameter κ and controls the masses of the ground states.
In our formalism such a constant term in the effective potential can be e.g. generated by an additional shift of the "dressed" mass term µ
, which leads to the following modification of the mass spectrum:
Although both of these modifications can improve the description of meson properties, their appearance in the AdS action is not well justified. Therefore, in the present manuscript we do not consider these options and postpone them for future study.
III. PROPERTIES OF LIGHT AND HEAVY MESONS
A. Mass spectrum of light mesons
In the numerical analysis we restrict ourselves to the isospin limit m u = m d = m. We fix the free parameters (constituent quark masses, κ, λ 12 , α s and v) from a fit to the mass spectrum and the decay constants of light and
The parameters are fixed to the following values. For the constituent quark masses we have:
The unified value of the dilaton parameter is fixed as κ = 550 MeV for all mesons. The hyperfine-splitting parameter has the value v = 10 −4 GeV 3 . The strong coupling α s ≡ α s (µ 2 12 ) depends on the quark flavor and is consistently calculated using the parametrization of α s with "freezing" [43] :
where N f is the number of flavors, Λ is the QCD scale parameter and M B is the background mass. Choosing Λ = 420 MeV, M B = 854 MeV and using the fixed constituent quark masses from Eq. (33) we obtain the following set of parameters α s :
where q = u, d. The dimensional parameters λ 12 in the longitudinal wave functions are fitted as:
λ= 0.63 GeV , λ us = 1.2 GeV , λ ss = 1.68 GeV , λ qc = 2.5 GeV , λ sc = 3.0 GeV , λ qb = 3.89 GeV , λ sb = 4.18 GeV , λ cc = 4.04 GeV , λ cb = 4.82 GeV , λ bb = 6.77 GeV .
Here we also already indicate the values used for the heavy-light and heavy mesons. For the probabilities of the ground state pion and kaon we use the following values: P π = 0.6 and P K = 0.8, while for other mesons the probabilities are supposed to be equal to 1. The predictions of our approach for the light meson spectrum according to the n 2S+1 L J classification are given in Table I . For the scalar mesons f 0 we present results for two limiting cases: with nonstrange flavor content f 0 [nn] = (ūu +dd)/ √ 2 and with a strange one f 0 [ss] =ss.
B. Mass spectrum of heavy-light mesons
Before we apply our approach to the properties of heavy mesons we would like to check if our LFWFs are consistent with model-independent constraints imposed e.g. by heavy quark symmetry, when the heavy quark mass goes to infinity m Q → ∞.
The mass spectrum of heavy-light mesons is given by the formula
The longitudinal mode for heavy-light mesons is of the form
where λ qQ is the dimensional parameter which scales as O(m 1/2 Q ). In the following, for convenience, we express λ qQ as λ 2 qQ = m q m Q /r, where r is a parameter of order O(1). The scaling of the parameter κ ∼ O(1) is fixed by the scaling law of the leptonic constants of heavy-light mesons in the heavy quark limit (see discussion in Sec. III D). This behavior of κ is also consistent with the mass spectroscopy of heavy-light mesons constrained by heavy quark effective theory (HQET) [44] . In particular, the 1/m Q expansion of their masses should be
where the scale parameterΛ is of order O(1), and the mass splitting of vector and pseudoscalar states ∆M qQ = M V qQ − M P qQ should be of order 1/m Q :
The mass splitting ∆M qQ gets contributions from two sources -confinement and the hyperfine-splitting potential. Both contributions are of order O(1) in the heavy quark mass expansion. In Appendix B we evaluate the r.h.s. of Eq. (37) and give an expression for the scale parameterΛ. Numerical values for the charm and bottom heavy-light mesons with different spin-parity are given in Table II according to the n 2S+1 L J classification. The four columns with the results correspond to the variation of L = 0, 1, 2, 3. Data for the ground states are given in the brackets.
C. Mass spectrum of heavy quarkonia
For the mass spectrum of heavy quarkonia (Q 1Q2 ) we present our results in Tables III. Again it is interesting to consider the limit of heavy quark masses. Here we follow the idea suggested in [5] , and express the longitudinal momentum fractions through the z-component of the internal momentum k = (k ⊥ , k z ) as (see also [45] ):
where
Hence, we have
Therefore, the leading term of the integral containing the longitudinal mode is simply given by (m Q1 + m Q2 ) 2 which is the leading contribution to the mass squared of the heavy quarkonia. This means that we correctly reproduce an expansion of the heavy quarkonia mass in the heavy quark limit:
where E is the binding energy. Numerical values for the quarkonia masses are shown in Table III , according to the n 2S+1 L J classification. A graphical summary of our results is given in Figs.1-6 where we display the calculated meson mass spectra for light ( Figs.1 and 2 ), heavy-light (Figs.3 and 4 ) and heavy quarkonia (Figs.5 and 6) . Because of the inclusion of the color Coulomb potential the lines are bent down for low values of L or n and therefore deviate from the linear behavior of Regge-trajectories. We indicate the available data (central values by black circles and sizable error bars by vertical lines). Here we find that the calculated mass spectra are in agreement with predictions of other holographic models (see e.g. Refs. [14, 15, 20] ). The improvement of the present approach is that a consistent description of light, heavylight and double-heavy mesons is achieved within the same holographic model. For comparison, in the literature so far different types of mesons have been considered separately. As already mentioned, we use a universal value for the dilaton parameter κ. However, adapted values of κ for different types of mesons leads of course to a better fit to the data.
D. Leptonic and radiative meson decay constants
In the following we define further fundamental quantities of mesons, which are calculated in the present paperdecay constants of pseudoscalar (f P )
and vector (f V ) mesons
The definitions of the meson Fock states are given in Appendix A. For convenience we determine the decay constants restricting to µ = + and spin projection λ = 0 for the vector mesons. In this case Eqs. (45) and (46) are simply reduced to
Finally, we get for the couplings of the ground state mesons:
In the case of massless quarks f P and f V are proportional to the dilaton scale parameter κ:
In the heavy quark limit (m Q → ∞) the scaling of the leptonic decay constants of heavy-light mesons is in agreement with HQET:
Again, as in the case of the mass spectrum of heavy-light mesons, it is sufficient to propose the following scaling of dimensional parameters in our holographic approach: κ ∼ O(1) and λ qQ ∼ O( √ m Q ).
When dealing with vector mesons with hidden flavor one should also include the flavor factor c V
which arise from the flavor structure of the vector mesons
and the structure of the corresponding electromagnetic quark currents
Our results for f P and f V are presented in Tables IV-VI. Note that with the universal value of the dilaton scale parameter κ = 550 MeV the data for the coupling constants of the light mesons can be well reproduced. For heavylight mesons we need a bit larger value for the parameter κ, because the leptonic decay constants are proportional to κ. For the description of the leptonic decay constants of heavy quarkonia states we need an even larger value for κ. In particular, it should be roughly 2, 3 and 4 times larger for cc, cb and bb states, respectively, than the unified value of 550 MeV.
IV. CONCLUSIONS
In conclusion, we present an analysis of the mass spectrum and decay properties of light, heavy-light mesons and heavy quarkonia in an holographic soft-wall model using conventional sign of the dilaton profile with φ(z) = κ 2 z 2 . In our calculations we consider in addition one-gluon exchange and hyperfine-splitting corrections phenomenologically by modifying the potential. We show that the obtained results for heavy-light mesons are consistent with constraints imposed by HQET. In future work we plan to improve the description of meson data and also to extend our formalism to baryons.
Here a is the color index and N c = 3 is the number of colors. In the expansion (A1) of the meson state over the basis of noninteracting n-particles states we restrict to the two-quark valence state. Notice that above formulas can be extended easily to the case of mesons with more nontrivial flavor structure, e.g. including mixing of nonstrange and strange quark components. Also one can consider pure glueball states and their mixing with quarkonia. The operators b(d) obey the anticommutation relations:
The states |M H (P ) and momentum LFWF are normalized according to
The polarization vectors ǫ µ (P, λ) in the light-cone representation read as
. Note that the normalization condition (A6) is approximately valid only for mesons, where the two-parton quarkantiquark component is dominant. As we stressed before (also see discussion in Ref. [31] ), this is not the case for the pion, where the probability of the valence quark-antiquark component is less than 1 [see also Eq. (15)].
Appendix B: Evaluation of integrals in the heavy quark limit
We evaluate the integral in the r.h.s. of Eq. (37) with
Scaling the variable x = zm q /m Q and then performing an expansion in powers of 1/m Q : . 
